PARTIAL REGULARITY OF SOLUTIONS TO THE NAVIER-STOKES EQUATIONS
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At the first instant of time when a viscous incompressible fluid flow with finite kinetic energy in three space becomes singular, the singularities in space are concentrated on a closed set whose one dimensional Hausdorff measure is finite. §1. Introduction. (where R + = {t E R: t >0} represents time) be a weak solution to the Navier-Stokes equations of incompressible viscous fluid flow in 3 dimensional euclidean space with finite initial kinetic energy and viscosity equal to 1. Our definition of weak solution coincides with Leray's definition of "solution turbulente" [4, pp. 240, 241, 235] . In that paper, Leray showed that weak solutions always &xist for prescribed initial conditions with finite energy. He also proved the following regularity theorem:
There exists a finite or countable sequence J o , J u J 2 , ---such There is a proof of Theorem 2 in [7] . Research on the Hausdorff dimension of singularities of fluid flow was started by Mandelbrot [5] . The conclusion of Theorem 1 resembles the partial regularity results in [1, IV. 13 (6) , p. 126].
Leray's theorem has been generalized by M. Shinbrot and S. Kaniel to flows on a bounded domain [8] . I do not know whether Theorem 1 generalizes to that case.
NOTATION. We set (α, b) = {t: a < t < b}, [a,b) An absolute constant is a finite positive constant that does not depend on any of the parameters in this paper. The symbol C will always denote an absolute constant, and the value of C may change from one line to the next (e.g. 2C ^ C). The symbols d, C 2 , C 3 , are not treated in this way, and their value does not change in the course of the paper.
We begin to prove Theorem 1. Let φ: R 3 x {t: t <0}-^ R + be defined by This Newtonian potential of φ satisfies the Poisson equation
We have the estimates
here E n is an absolute constant for each n. Two consequences of the definition of weak solution are:
for some CΊ < °°, and
A third consequence is the following lemma: 
We were careful not to write φ ιU in the first identity of (1.9) because there is no summation over the index i. Using (1.4) we obtain 
Integration by parts with respect to the jc y and x k variables, (1.6), and ( 
'(y,s)=φ(y-x,s-t), ψ'(y, s) =ψ(y-x,s-t).
We also set 
BiΠC,
Proo/. We fix (x, ί) E A n+1 -A n and define φ', (/f' as in (2. We use integration by parts, (1.7), (1.5) 
We use (2.10), (1.5), (2.13), (2.8) , and (2.10) to estimate w 7 w,φ; ; [3, p. 12 ], Holder's inequality, and (1.1) to compute u, (y, where n ^ 0 (see (2.5) ). We wish to show that (2.27) implies 
JF
We define n by the condition (JC, t) G A n+1 -A n and use Lemma 2.1, (2.33), (2.27) , (2.32) , the inequality ί + U 2~2 (n+ι) (which follows from (x, t)eA n+t ), 
